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A coupled fluid-solid numerical method is presented. The solid phase consists of a granular assembly where dynamics 
of each solid particle is described with the discrete element method. In the inter-particle space the fluid flow is solved 
with the lattice Boltzmann method. Interactions between the solid phase and the fluid phase result from the integration, 
over the solid particle boundary, of the momentum exchange between solid and fluid phases. Consequently, 
assumptions about fluid-solid interactions are very limited with such a coupling. 
To illustrate abilities and limits of the coupled method in the framework of internal soil erosion, a two-dimensional 
model of piping erosion is considered (inspired from the hole erosion test). Direct simulations of erosion of a cohesive-
frictional granular matter have been performed for different values of water pressure gradient and inter-particle 
cohesion. As classically found experimentally, the mass rate of erosion follows a relation of the kind of Shield's law, 
with a linear dependency on the hydraulic shear stress. A critical hydraulic shear stress, below which detachment of 
particles does not occur, can be identified and is directly related to the inter-particle cohesion. On the contrary, this 
latter has no influence on the erosion coefficient.
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I INTRODUCTION 
Experimental observation and characterization of internal soil erosion at the scale of soil particles 
constitute a difficult task even if some techniques, using for instance analogue granular material [Tsai, 2003], 
could offer such possibilities. Nevertheless a description and characterisation of internal erosion at the 
microscopic scale (i.e. at the scale of soil particles or aggregates) could be complementary to the 
macroscopic description obtained from more conventional experimental devices, and would help in the 
identification of the key parameters fixing the erosion regime. 
In this context, we present in this paper a coupled numerical method where a two-phase (solid/fluid)  
granular assembly is described at the microscopic scale [Lominé, 2012]. Each particle or aggregate of the 
solid granular phase is explicitly described through the discrete element method (DE method) [Cundall, 
1979] where positions and velocities of solid particles results from the explicit time integration of Newton's 
law. The fluid phase dynamics in the inter-particle space is solved with the lattice Boltzmann method (LB 
method) [Succi, 2001]. DE and LB methods are fully coupled. Since the step of the spatial discretization of 
the fluid phase is chosen sufficiently small to describe full fields of velocity and pressure (actually in the LB 
method this consists in a full field of particle distribution functions) around solid particles, interactions 
between the solid and fluid phases result simply from the integration, over the solid boundaries, of the 
momentum exchange between solid and fluid phases. Consequently, assumptions about fluid-solid 
interactions are very limited with such a coupling. For instance, and contrary to some other methods, 
permeability and drag forces result from the coupling and are not introduced a priori. Both numerical 
methods and their coupling are briefly presented in the first section of the paper. 
Generally speaking, internal erosion in soil can involve three different steps: particle detachment, transport  
and possibly filtration. For each of these steps, description and characterisation at particle scale of physical 
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phenomena constitutes a challenging point. Consequently, to proceed gradually, we have chosen to focus, at 
first, on the particle detachment step. To avoid to deal with the transport of detached particles (in the 
interstitial space) and their filtration, we developed a numerical model inspired from the hole erosion test 
(HET) [Wan, 2004]. This model, constitutes an heuristic two-dimensional case of piping erosion with a pre-
existing hole from where particle detachment occurs. Direct simulations are carried out as numerical 
experiments and interpreted in a similar way as the one classically followed for the hole erosion test [Wan, 
2002]. Numerical model, simulations and parametric studies are presented in a second section of the paper. 
II THE COUPLED LB-DE NUMERICAL METHOD  
A detailed description of the coupled method can be found in [Lominé, 2012]. The numerical coupling has 
been implemented in the open-source software YADE [Šmilauer, 2010] constituting a general framework for 
discrete numerical models. 
II.1 The lattice Boltzmann (LB) method 
The description of the water flow is based on the resolution of the lattice Boltzmann equation with the 
simplified Bhatnagar-Gross-Krook collision operator [Bhatnagar, 1954], aiming to represent the space and 
time evolution of the distribution function (or probability density) ( ),f x tG . Such function represents the 
probability of finding fluid particles (or molecules) around a position xG  at a time t and with a given 
momentum. The whole simulation domain (including the fluid space and the solid particles) is discretized 
following the classical two-dimensional D2Q9 model [Qian, 1992], consisting in a regular square lattice of 
step h with nine directions of propagation of fluid particles (see Figure 1-a). From a given node of the lattice, 
eight of these propagation directions numbered by i = 1, 2, 3 … 8 point towards the eight first neighbouring 
nodes, whereas the ninth direction numbered i = 0 point toward the considered node itself, representing still 
particles. Consequently nine components ( ),if x tG  (with i = 1 to 9) of the distribution function can be 
distinguished.  
The application of the LB  method consists in an iterative process over time. Each numerical time step dt is 
split into a collision stage and a propagation stage. During the collision stage, fluid particles collide 
according to the BGK operator (which can be seen as a linearization of the collision operator originally 
defined in the Boltzmann equation): 
( ) ( ) ( ) ( )1, , , ,eqi i i if x t f x t f x t f x tτ+ ª º= − −¬ ¼
G G G G
,  (1) 
where t+ denotes the post-collision time, τ is a dimensionless relaxation time related to the kinematic 
viscosity of the fluid ν, and eqif  is an equilibrium distribution function parameterized by the macroscopic 
fluid velocity vG  and density ρ at the considered node. For a Newtonian fluid the equilibrium distribution 
function writes: 
( )22 4 23 9 31 . . .2 2
eq
i i i if w e v e v v vC C C
ρ § ·= + + +¨ ¸© ¹
G G G G G G
, (2) 
(a)                         (b) 
Figure 1: Lattice and particle discrete velocities ei defined in the D2Q9 model used in the LB method (a), and 
definition of a boundary link σ i (b). 
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with w0 = 4/9, w1,2,3,4 = 1/9, and w5,6,7,8,9 = 1/36 for the D2Q9 model;  C = h /dt, the lattice velocity; and ie
G
the discrete propagation velocities associated to the D2Q9 model and defined by: 
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The propagation stage is performed after the collision stage to transport, at the end of time step dt, the post-
collision distribution functions to the neighbouring nodes according to the discrete velocities ie
G
 such that: 
( , ) ( , )i i if x e dt t dt f x t
++ + =
G G G
, (4) 
where ix e dt+
G G
 represents for the node at position x
G
 the nearest neighbouring node along the i-th direction. 
Finally, macroscopic fluid density and velocity can be retrieved at each node with: 
8
0
i
i
fρ
=
=¦       and       8
0
1
i i
i
v f e
ρ
=
= ¦G G , (5) 
In the LB method the fluid is considered as slightly compressible and the fluid pressure p is related to its 
density ρ through the state equation 2sp c ρ= , where 3sc C=  is the sound celerity. For sufficiently small 
Mach number maxM v C= (where vmax is the highest flow velocity), typically lower than 0.1, fluid 
compressibility stays negligible and fluid velocity and pressure converge to the solution of the 
incompressible Navier-Stokes equation.  
II.2 The discrete element (DE) method 
Dynamic of the solid granular packing is described with the discrete element method as introduced by 
[Cundall, 1979]. Here solid particles are represented by two-dimensional discs and the mechanical 
parameters for the solid phase are introduced at the inter-particle contact scale. 
Contact interaction forces are computed for each couple of contacting particles according to a cohesive 
frictional contact law presented in Figure 2. To linearise the contact law, contacting particles can slightly 
overlap, this overlap is denoted δn. In the normal direction to the tangent to the contact, the relation between 
the normal contact force Fn and δn  is purely elastic and characterised by a normal stiffness kn such that 
Fn = kn δn. Tensile normal forces can develop for Fn ≥ Cn, where Cn is the normal cohesion. Compressive 
forces Fn are counted positively, then Cn takes usually negative values. For Fn < Cn failure occurs and the 
contact is lost. For the tangential direction to the contact, the relation is elastic-perfectly plastic. In the elastic 
regime the shear contact force Fs is related to the incremental shear relative displacement Δus by Fs = -ks Δus, 
where ks is the shear stiffness. When |Fs | > Fn tan(Φ ) + Cs (where Φ and Cs are respectively the contact 
friction angle and the shear cohesion) sliding in tangential direction occurs and the contact becomes purely 
frictional (i.e. Cn = Cs = 0). In this paper, the cohesive contact law is restricted to the case were  -Cn = Cs = C. 
Figure 2: Cohesive inter-particle contact law used in the DE method. 
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At each time step of the DE method, resulting forces and torques applied at the center of each solid discs 
are deduced from the inter-particle forces computed with the contact law described above. New position, 
orientation, velocitie and angular velocitie of each solid particle are determined at the end of the DE time 
steps by carrying out an explicit time integration of equations of motion based on a Verlet scheme. 
II.3 Coupling of DE and LB methods 
Since the basic ingredient of the LB method is the distribution function ( ),f x tG  representing fluid 
particles associated with a given momentum, the full coupling between both methods is realized by 
describing the exchange of momentum between the solid and the fluid phase.  
As described in Figure 1-b, during the propagation stage of the LB method, a distribution function can 
encounter during its streaming, from one lattice node to another node along a given discrete direction i, a 
solid boundary (i.e. the boundary of a solid disk), such a direction is denoted σi. The no-slip condition of 
fluid on the solid surface is described by applying the bounce-back rule consisting, roughly speaking, to 
inverse the direction of propagation of the distribution function. At the end of the propagation stage this 
latter come back to the node from where it left, but along the opposite direction -σi.  In general, the velocity 
of the solid boundary is not nil, such velocity should be taken into account to insure the no-slip condition and 
to describe the transfer of momentum from the solid phase to the fluid phase. Consequently, we used here the 
modified bounce-back rule writing: 
( , ) ( , ) 2 .i FB i FB i b if x t dt f x t V eσ σ α
+
−
+ = −
GG G G
, (6) 
where FBx
G
 represents a lattice node within the fluid domain with one or several discrete directions σi
pointing towards a solid boundary; bV
G
 is the velocity of the solid boundary estimated at the middle of the 
boundary link σi; and αi is a constant defined by: αi = 3 wi ρ/ C2. The last term of equation (6) including bV
G
represents the transfer of momentum from the solid to the fluid. 
Action of fluid phase on solid phase is taken into account through the computation of hydrodynamic forces 
hF
G
 and torques hT
G
 acting on each solid disc boundary. For each boundary link σi, time derivation of the 
momentum exchange between the two opposite directions of propagation (σi and -σi) gives the contribution 
Fσ
G
 of link σi in the hydrodynamic force: 
2
1
2( , ) 2 ( , ) 2 .i FB i b i i
hF x t dt f x t V e e
dtσ σ σ
α+ª º+ = −¬ ¼
G GG G G G
. (7) 
Then the corresponding contribution Tσ
G
 to the torque applied to the center of the solid disc writes: 
1 1
2 2( , ) ( , )cT x t dt r F x t dtσ σ+ = × +
G GG G G
, (8) 
where cr
G
 is the vector joining the center of the considered solid disc to the middle of the boundary link σi. 
Total hydrodynamic force hF
G
 and torque hT
G
 acting on each solid disc are obtained by summing equations 
(7) and (8) over all the boundary links defining the disc boundary. Finally hF
G
 and hT
G
 are added, for each 
solid disc, to the force and torque resulting from inter-particle contact forces, to be taken into account, by this 
way, in the time integration of equations of motion performed in the DE cycle. 
III SIMULATION OF PIPING EROSION 
III.1 Numerical model 
A two-dimensional granular assembly is created in a rectangular box by generating, randomly within the 
whole box, a very loose cloud of circular solid particles. At this stage, only the DE method is activated and 
the interstitial water is not described. The granular assembly is then compacted by growing solid particles 
(i.e. by expanding their radii). During the growing stage, cohesion between particles is switched off to 
facilitate particle reorganization. Once the granular assembly is compacted, particle cohesion is fixed to the 
desired value, and inlet and outlet water chamber, and central hole of initial diameter dh are created by 
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removing the corresponding particles, such that only the hatched area represented in Figure 3-a is filled with 
the granular assembly. Finally, the whole simulation domain is discretized according to the D2Q9 model and 
the coupling with the LB method is activated. From now on, the granular assembly can be considered as 
fully saturated. Boundary conditions for the fluid are defined as follows: horizontal top and bottom walls of 
the box are treated as solid boundaries with no-slip condition; on vertical left and right walls are imposed 
pressure limit conditions in order to fix a water pressure gradient ΔP between the inlet and the outlet and to 
create a water flow in the pre-existing hole from left to right (see Figure 3-a). Hence, this model can be seen 
as a quite simplified 2D representation of the hole erosion test (HET) [Wan, 2004]. 
By defining d as the mean diameter of two contacting discs, values of parameters related to the DE method 
are: kn /d = 150 106 N/m2, ks /kn = 0.4 and Φ = 20° (contact cohesion value is given further in next sections). 
Concerning the LB method: ν = 1 10-6 m2/s, τ = 1.1 and the lattice counts 336000 nodes. 
Under the action of the water flow, solid particles can be detached from the granular assembly and carried 
toward the outlet as shown in snapshots displayed in Figure 3-b. When a detached and transported solid 
particle reaches the right wall of the rectangular box (i.e. the right boundary of the simulation domain), the 
particle is removed from the simulation domain and the total mass of eroded solid Me is increased of the 
mass of this particle. 
A series of such numerical experiments have been performed to investigate the influence of two 
parameters, firstly the pressure gradient related to the hydraulic loading, and secondly the inter-particle 
cohesion related to the mechanical properties of the granular assembly. 
    
(a)                                                                                                                 (b) 
Figure 3: Sketch of the numerical model (a), and snapshots from the simulation of piping erosion for a pressure 
gradient ΔP = 0.30 Pa and a cohesion C/d = 0.253 N/m (b). 
III.2 Simulation results and interpretation 
Figure 4 shows time series of the ratio of eroded solid mass Me(t)/M0 (where M0 is the total solid mass of 
the initial granular assembly), for an inter-particle cohesion C/d = 0.506 N/m and for ten different values of 
pressure gradient, ranging from ΔP = 0.01 Pa to 0.50 Pa. For the lowest pressure gradient value, detachment 
of particles is not triggered, and the mass of eroded solid stay nil all along the simulation. For ΔP > 0.01 Pa, 
the rate of increasing of eroded mass grows with the value of the pressure gradient. For the highest values of 
ΔP, the ratio of eroded solid mass reaches values close to unity during the simulation time, corresponding to 
the case where almost all the solid particles are eroded (some of the last particles stuck to the upper and 
bottom walls, cannot be detached by the water flow). 
We suggest to interpret these numerical results as it is done classically for a HET [Wan, 2002], where the 
hydraulic shear stress τh applied by the fluid on the hole surface is assumed to be the loading parameter 
leading the erosion regime. The erosion regime is characterised by the rate of eroded mass per unit pipe area 
ɽ , and it is linearly related to τh such that:  
with: l = 0.03 m; L = l/3; dh = 0.2L = 0.2 l/3 
         dmean (mean solid disc diameter) = 5.06 10-4 m 
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( ) ifd h c h cɽ k τ τ τ τ= − > , (9) 
where τc is a critical shear stress (below which erosion is not triggered), and kd is the erosion coefficient. 
These two last parameters should be typical of the erodability of the considered soil. From HET experimental 
results the hydraulic shear stress is commonly deduced by writing that pressure forces imposed at the inlet 
and the outlet of the apparatus are balanced by the shear force developed by the fluid on the lateral hole 
surface. However, since at any time of the simulation the fluid velocity field is given here by the LB method, 
in particular in the hole, the hydraulic shear stress τh has been here computed from the fluid velocity gradient 
at the vicinity of the hole boundary: 
0
x
h
dV
dy
τ νρ=  , (10) 
where Vx represents a velocity cross profile averaged along the hole length [Lominé, 2012]. 
Figure 5 presents the plot of the erosion rate ɽ  with respect to the hydraulic shear stress τh for the 
numerical results displayed in Figure 4, thus for ten simulations performed with the same inter-particle 
cohesion (C/d = 0.506 N/m) and different water pressure gradients. This plot shows that numerical data is 
quite well described by a linear approximation as suggested by equation (9). Consequently, values of a 
critical shear stress and of an erosion coefficient can be estimated for the considered numerical granular 
matter, independently of the water pressure gradient applied: τc = 9 10-4 Pa and kd = 9.1 s/m. 
Figure 4: Time series of ratio of eroded mass for an inter-particle cohesion C/d = 0.506 N/m. 
III.3 Influence of inter-particle cohesion on erosion 
We consider now seven granular assemblies characterized each one by a different value of inter-particle 
cohesion (C/d = 0.152; 0.177; 0.253; 0.506; 1.27; 2.53 and 12.7 N/m), all other parameters being kept 
constant. Each granular assembly have been numerically tested under six to ten water pressure gradient ΔP. 
From the interpretation presented in Figure 5, critical shear stress τc and erosion coefficient kd were 
determined for each granular assembly (i.e. for each particle cohesion value). Figure 6 displays these values 
of τc and kd  with respect to the inter-particle cohesion. For the highest cohesion value tested, corresponding 
to the last point of plots in Figure 6, erosion has not been triggered, even for the highest pressure gradient 
applied. Consequently the critical shear stress identified in this case represents only the highest hydraulic 
shear stress applied to the granular assembly and not a yield value above which erosion occurs. In addition, 
always in this case, the erosion coefficient cannot be determined as suggested in Figure 6-b.  
Besides, for the three lowest values of cohesion, corresponding to the three first points of plots in Figure 6,  
the contact cohesion is broken in the bulk of the granular assembly at the initiation of the fluid flow (due to a 
water hammer), instead of being progressively broken for solid particles at the vicinity of the hole, as the 
diameter of this latter grows with the erosion of particles. Hence, in these cases, even if a small cohesion is 
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initially introduced in the granular packing, this one is quasi immediately removed in the whole packing as 
soon as the flow starts. Then the granular assembly behaves essentially as a cohesionless material and the 
value of τc for the three lowest cohesion values (Figure 6-a) is more likely representative of a cohesionless 
granular assembly than a weakly cohesive material.    
Despite these two remarks, the erosion coefficient kd seems independent of the cohesion whereas the 
critical shear stress τc seems directly affected by the cohesion of the granular assembly; even if we cannot 
conclude, from the numerical data presented in this paper, about the kind of the relation (linear or not) 
between cohesion and τc. 
Figure 5: Erosion rate as a linear function of hydraulic shear stress. 
    
     
(a)                                                                                             (b) 
Figure 6: Influence of inter-particle contact cohesion on critical hydraulic shear stress (a) and erosion rate (b). 
IV CONCLUSIONS 
The lattice Boltzmann–discrete element coupled method appears as an adapted tool to describe, at the 
microscopic scale, fluid-solid interactions in granular matter. Few hypotheses are coming with such method, 
avoiding any phenomenological description, and limiting the number of mechanical parameters (there are 
five here, the fluid viscosity, the normal and shear contact stiffnesses, the contact cohesion between two solid 
particles, and finally the inter-particle friction angle). However the computational cost, due to the necessity 
of a sufficiently fine fluid lattice, can be important, and limitations can appear with respect to the maximum 
water velocity that one aims to describe and the assumption of fluid quasi-incompressibility. 
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The application of this coupled method to piping erosion presented here is quite simplified. The description 
of the solid phase as a granular assembly made of discs can seem far from a real soil, as for instance a clayey 
sand. However, solid discs used here do not represent necessarily an elementary soil particle but can be seen 
as an aggregate, of clay around a sand grain for instance. Concerning the fluid phase, for the sake of 
simplicity, we voluntarily limited the description to laminar flows in a first time. This restriction can also 
appears as a gap with respect to real flows, possibly encounter in piping erosion problem. However 
turbulence models have been developed for the LB method and could be introduced in such simulations 
[Feng, 2007].   
Despite limitations discussed here above, results presented in this paper are encouraging. A linear 
dependency of the erosion rate on the hydraulic shear stress, as usually observed experimentally, is retrieved 
from the direct simulations performed and with the only mechanical parameters listed above. Influence of 
contact cohesion on critical shear stress and erosion coefficient may be intuitively described. Nevertheless 
this result gives an example of the way by which this coupled numerical method could be useful. The 
objective here is not to reach a quantitative prediction of the piping erosion, but to give a qualitative 
description allowing to clearly identify the relevant local parameters (related to the solid phase and the fluid 
phase) involved in soil erosion phenomena.  
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